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Abstract
I give a very short introduction to Chiral Perturbation Theory and an overview of the
next-to-next-to-leading order three-flavour calculations done. I discuss those relevant
for an improvement in the accuracy of the measurement of Vus in more detail. One major
conclusion is that all needed p6 low energy constants can be obtained from experiment
via the scalar form-factor in Kℓ3 decays.
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INTRODUCTION
The problem of dynamics of mesons at low energies is important. It plays a major role
in the precise determination of the elements of the Cabibbo-Kobayashi-Maskawa matrix
(CKM) which is a main part of the study of the standard model flavour sector [1]. In this
talk I will concentrate on the theory behind the measurement of Vus from Kℓ3 (K → piℓν)
decays and in particular on the recent work of P. Talavera and myself on the two-loop
calculation and the determination of the relevant low-energy constants [2, 3].
I review shortly Chiral Perturbation Theory (ChPT) and the relevant two-loop calcu-
lations done up to now, followed by a discussion of Kℓ3 and the present theory situation.
I include a short discussion of the validity of the linear approximation of the form fac-
tors normally used in the data analysis. The main relevant results from ChPT [2] can be
summarized as follows. The curvatures are important in the analysis but can be predicted
using ChPT from the pion electromagnetic form-factor [2] and all order p6 parameters
needed to determine Vus can be experimentally obtained via the scalar form factor, f0(t),
in Kℓ3 [2]. The curvature of f0(t) can be predicted as well from knowledge about scalar
form factors of the pion [4], albeit only at fairly low precision at present.
CHIRAL PERTURBATION THEORY
ChPT is an effective field theory valid as an approximation to Quantum Chromodynam-
ics (QCD) at low energies. Its modern form has was introduced by Weinberg, Gasser and
Leutwyler [5, 6]. The global chiral symmetry, SU(3)L×SU(3)R, of QCD in the limit of
massless quarks is spontaneously broken down to the diagonal subgroup SU(3)V by a
nonzero quark condensate, 〈q¯q〉= 〈q¯LqR+ q¯RqL〉 6= 0 . The eight broken generators lead
to eight Goldstone bosons. These are massless and their interactions vanish at zero mo-
mentum. The latter allows the construction of a well defined perturbative expansion in
terms of momenta, generically referred to as an expansion in p2. Quark masses are usu-
ally counted as order p2 since p2pi = m2pi ∼ mq〈q¯q〉/F2pi . Inserting an external photon or
W±-bosons counts as order p since these are included via covariant derivatives. Recent
lectures, much more detailed than what is included here are [7]. ChPT being an effective
field theory implies that the number of parameters increases order by order. In the purely
mesonic strong and semi-leptonic sector there are two parameters at lowest order (p2),
ten at NLO (p4) [6], and 90 at NNLO (p6) [8]. The renormalization procedure and the
divergences are worked out in general to NNLO [9] and provide a good check on all
calculations. One problem shared with other high order loop calculations in comparing
different calculations is the use of different renormalization schemes. The calculations
that were used to determine all the needed parameters are those of the masses and decay
constants [10], Kℓ4 [11] and the electromagnetic form factors [12].
Kℓ3: DEFINITIONS, Vus AND FORM FACTOR LINEARITY
The neutral and charged Kℓ3 decays amplitudes, K+,0(p)→ pi0,−(p′)ℓ+(pℓ)νℓ(pν), are
T (+,0) =
GF√
2
V ⋆usℓµFµ (+,0)(p′, p) , ℓµ = u¯(pν)γµ(1− γ5)v(pℓ) ,
Fµ+,0(p′, p) =
(
1/
√
2,1
) [
(p′+ p)µ f K
+pi0,K0pi−
+ (t)+(p− p′)µ f K
+pi0,K0pi−
− (t)
]
.(1)
Isospin leads to the relations
f K0pi−+ (t) = f K
+pi0
+ (t) = f+(t) and f K
0pi−
− (t) = f K
+pi0
− (t) = f−(t) , (2)
The scalar form factor and the usual linear parameterizations are defined as
f0(t) = f+(t)+ t/(m2K−m2pi) f−(t) , f+,0(t) = f+(0)
(
1+λ+,0 t/m2pi
)
. (3)
To determine |Vus| we need f+(0) theoretically and experimentally. There are three
main theoretical effects. There is a well-known short-distance correction from Gµ to
GF calculated by Marciano and Sirlin. The corrections of order (ms− mˆ)2 allowed by
the Behrends-Sirlin-Ademollo-Gatto theorem are discussed at p6 here and in [2, 3].
The sizable isospin breaking found by Leutwyler and Roos [13] is in the process of
being evaluated at order p6 too. On the experimental side, the old radiative correction
calculations used in [13] are updated in [14] where a clean procedure with generalized
form-factors is proposed. The experimental data are mostly analyzed using a linear form
factor f+(t). The recent precise CPLEAR data [15] allow to test this assumption [2].
Using a linear fit to their data and neglecting systematic errors we get a normalized
f+(0) = 1 and λ+ = 0.0245± 0.0006. Allowing for curvature we obtain a sizable
curvature, f+(0) = 1.008± 0.009 and λ+ = 0.0181± 0.0068. The fitted curvature is
compatible with zero, the central value is precisely at the ChPT prediction given below.
In order to obtain |Vus| with an error of 1% it is therefore important to include the effect
of curvature in the analysis. The central value of λ+ is outside the errors quoted for the
linear fit [15]. After the meeting we obtained similar conclusions for the KEK-PS E246
data [16], see v2 of [2].
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FIGURE 1. ChPT fits to the CPLEAR data showing the effect of the curvature compared to linear fits.
f+(t) AND f0(t): THEORY
The f+(t) ChPT calculation for is rather cumbersome. I will use our work, [2] but
an independent calculation exists [17] and agrees reasonably well, the difference is
discussed in [2]. We write the amplitude as
f+(t) = 1+ f (4)+ (t)/F2pi + f (6)+ (t)/F4pi with f (4)+ (t) = tLr9/2+ loops ,
f (6)+ (t) = −8(Cr12 +Cr34)
(
m2K −m2pi
)2
+ t RKpi+1 + t
2 (−4Cr88 +4Cr90)+ loops(Lri ) .(4)
The pion electromagnetic form factor data yield [12] Lr9 = 0.00593± 0.00043 and−4Cr88+4Cr90 = 0.00022±0.00002 . With this input we fit the CPLEAR data and obtain
RKpi+1 =−(4.7±0.5) 10−5 GeV2 and λ+ = 0.0170±0.0015 . (5)
The first agrees with the VMD estimate [2] RKpi+1 |V MD ≈−4 10−5 GeV2. The latter comes
from ChPT as
λ+ = 0.0283 (p4) +0.0011 (loops p6) −0.0124(Cri ) . (6)
Our main conclusion follows from rewriting the full p6 result for f0(t) as
f0(t) = 1− (8/F4pi )(Cr12 +Cr34)
(
m2K −m2pi
)2
+(8t/F4pi )(2Cr12 +Cr34)
(
m2K +m
2
pi
)
+t/
(
m2K −m2pi
)
(FK/Fpi −1)− (8t2/F4pi )Cr12 +∆(t)+∆(0) . (7)
∆(t) and ∆(0) contain NO Cri and only depend on the Lri at order p6 thus ALL needed
parameters can be determined experimentally.
∆(0) = −0.0080 ± 0.0057[loops] ± 0.0028[Lri ] , is known and an expression for
∆(t) can be found in Ref. [2] The errors are an estimate of higher orders and using
fits of the Lri using different assumptions. The p6 estimate of [13] corresponds to
−(8/F4pi )
(
Cr12 +Cr34
)
(m2K −m2pi)2 ≈−0.016±0.008.
CONCLUSIONS
I discussed the Kℓ3 form factors in ChPT to order p6. The main conclusions are that
the curvatures for f+(t) and f0(t) can be predicted from the data on pion electromag-
netic [12] and scalar [4] form-factors, the curvature in f+(t) and f0(t) should be taken
into account in new precision experiments but from the slope and the curvature we can
determine experimentally the needed parameters to calculate f+(0). A precision of bet-
ter than one percent seems feasible for |Vus|.
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